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random vectors

&
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-



Exi Consider the joint pdf Y

flu
, 3) = eY o<KYC0

=> D · therwise ii) Calculate
P(x+Y > 1)

P(x+Y > 1) = 1- P(x+Y [I)
Y2 I-c

= 1 - S Se dy due

8 ze

Y2
=1-

Slet -
-)) de

= 1- Se-e1-Y) - Doe's] =
zea"



Marginal of X
-

Note flu ,3) =
e OCCCY < &

I O 0 . W.

Ifd10 ,
flu ,3) = 0 Fy · fx(u) = 0 for 220 .

If (70 , flo ,3) = =Y if a <Y

=> fx(u) = 9flu,3)dy = ge-dy = e
-Ch

~ D

=> Marginal of X
,
fx(u) : "Seves for C > O

O O . W.

conditionalof y given Xi Conly for >0)

fleia)=3) = => E

- (Y-1) if y > re

= D
if y < &



Conditional mean and variance.
->

&
- (3-2)

dy = HUELYIx =c) = S y e
D

vaw(Y) x= c) = -(YP1x = a) - [ECY(x =u)]"

E(Y(x = x) = 13-2)
dy :

var (Y) x= 2) =
1



E2 Transformation of random variables.

(x,* ) W fxy(d .3) + joint pdf of IX,Y

Let U = 9 , (4 ,3) ,
~= 92(4,y) : Transformation.

Compute joint paf of (U,V).

A = [(U ,3) : fxy(u ,3) >03

B = [ (U, v) : U= 9 ,
14

,
3)

,

v= 92/, 3) for (M,3)GA3

Then Fur (U,v) is positive on B.

Assume that 91
, 92

are
one-to-one from A toB

(By defr onto m B)

=> v = 9 , 12 ,3) and v = gak, 3)

=> U = <, (U,v) and YE ha/U,US



5 = det(]-. -.
where o hill, U , 8 = hl

= hilh ,
v) ,= hall,

OV

Then

fu,v (U.V)
= fx

,y (hiCU,
v) ,
ha(r,v) 13

-on B

O . W.

=> O



Ex : Sum & difference of normal variables.
-

Let x , y in ulo , 1

Consider the transformation

U= x + Y
,

~ x - Y

In the notation above, 9 , (x ,Y) = X+Y

92(x,4) = x-Y

AI ,3) = fx (u) fy (y) -Ou (20
,
-XCY

=Lepty
?

)
2TT

A = 122
,

to determine BCR2 on which foulu,v)

is positive .



UI CITY ,
2= 4 % Y

U = h , (U ,
v) = 4 and Jhalh,v)=

-> BIR2 and 9 ., 92
are one-to-one from

A toB .

Ca ↓ : do = -J = det I
&a
&U Or

: fun (U,v) = fxy (hicu,v, hall,v) 151
on B

·=[ (E + ("= )) -
N2U <0

= E e x -ocua

-t e-4) (te-v94)
l

fur/U,v)



=> VixtY and Vx-Y are independent
normal random variables

with UNN (0 , 2)
,
UNN10, 2)

Generalization : sums and differences of indep-normal
->

random variable are independent as long
as

var (x) =
vaw(Y).

Ex ! U =
->

Vi



Ex: x,Y id n1o , 1)

U=
y

3
v= 1*

Note the transformation is Not one-me as

(2 ,3) and (rs ,
-3) are

both mapped to

the same point (4 ,
v) .

A1 = [12 ,3) : 3303 ; Az: [(, 3)
: x203

As = [13,3) : Y = 03

A = 1R" = Ao UA , UAz disjoint partition and

P(As) = o and the transformation is

one-to-onean A , & A2
.



B = [1U,V)
: 0703 : Im 8 both A , & A2.

7 : (a,3) G Ai
for any i

O= ly1 and n = I can be any
real

Y no.
asse is any

real no . (

2 = h ,
(U, v) = nu

as st ,

5 = [ 4)
Y= he /U ,

v) =
w

s : 4 . 14,v) : -UV
on Az 5= 5

-04
Y = My (U ,

v) = - 2

In both the case (det(53) = 0



--&

fxy (u,3): e=
(12+y

-s<Y < &

Now

I
fur(U ,v) = ↓ e-E(M12

+v"
xIU1 #In er(Eurs

+Le

*

ITT
~

& for AL

-
(12+1)02/2

~
a< u < a

I
fow(U ,V) =

I
E

& <0 < N

In order to compute density of U= x y

we compute marginal density from the joint.



fu(u)= ↑ fur (n ,
v) du

~

g

- (V+1) 02/2*

& O
- Se

D

Put z=02 dz = zudv = Udu = de

8 = 0 = z= 0
& U = N = E=

N

full= e
+ 7 de

- -0 x U C 8
->

= i F :
#(n2+ 1)

=> U is a Cauchy random variable. *



#: Insect lays large number of eggs .

->

Each egg survives with probability 'p .

'

How many eggs will survive as average ??

also & rardom
~

large number of eggs is
variable .

~> ->

X = no.
of survivors.

Y = no . of eggs
laid.

xly n binomial (Y, p) 3
Hierarchical
model.

Y N Poiss on (A)



P(x = c) =
& PIx = c

,
4 = Y (

Y =J

N

& P(x => /Y= >) PLY= 3)
=>

Y=
conditional-x Y

yuu E X I prob . is

= ( %) 8"1-0 o if you5)
YIM

·
(1-P)X -XP

=e =e
E



=> x N Poisson (xp)

=> E(X) = aug .
number of survivors

=> xp

Theorem: X & Y are two random variables.

&

EIX) = E (EIXIY)
provided expectations exist.

I: EI = Suflsidudy - ((fluly) du)fylyidy
= SATY]fyleidy : ECEIX(Y)]

·

"hly)



We could have used this result inearlier example.

E(X) = E (EIX(Y)

= E (py) sinceX/Y ~ binomial (Y,P

= PELY
since Y or Poisson

(x).
=> px
-

Similar result exists
for variance.

var(x)= E (Var(x(Y) + var(ECXIY)



Multinomial distribution.

R : random cxpt . with n distinct outcomes with

probabilities PI , P2, .., On

in indep . trials of R are performed.

Let Xi =
number of times ith outcome occurred.

(1 ,
X2, ---

,
Xn) :

discrete random
vector

plxizc ,
x2 =cy--, Xu=n

Mrs

-
-(d,

--

,
un)=.. p

... On

where (e-., Unl
is a

vector of nonnegative
M

[di = Jes .

integers
such that

Ti C

[Multinomial distribution with m
trials are cell probabilites

equal to P
,

82, .., Pn].



Wpmf?? (Multinomial
· thm) .

let m
,
NEIA .

A be the set of vectors (c, --
, cn

M

s . t . UiEETUEO3 and EUi = m. Then for any
TI

real nos. . 91,
92,

-- ,
an dr

ser

(a ,+azt
. - + an) = En

a... an

Marginal of Xn

Denote by B the setf all (s, --

,
Un1) where

rs-1

his are non-negative integers and [Ui =
muv

J =S

for a
fixedunt $0 ,

1 ,..,
m3



flun) : I

(M,..,Me-1)
EBan ! P

... Pr
m-sen

->

&
=

2-,

Mn)fB... penmanmen
us-sen

-me) !
D (1-0) Un-1

& I
...

(21,..,n+ )
FB

the Sum is 1

Note that Pif ... +Pn & d,
+--+n+=Mud

m-Uv du= 0,
1
, 2,..,m

=> Elem:m P1-on)
Xun Binomial (m , Pr



Conditional given Xn

fl ,--
,
Un-In)=

cn

cen

m ?

Et- Un !
P ... Pr

->

-
=

↳man /
pen 1-on)

men

=e!" ... on
This is multinomial distribution with (rcen) trials

with cell probabilities, ...,but
resp.



Ex: Consider A hierarchical model :

fiskis:ne
YIX ~ Poisson (*)

->

& X N gamma (2 ,
x) Y =0,1,

2,-- .

-xx&-
e ;

> O

fxlu)= a

O . W.

I O

c >Ch

fyly) = (fix (3(c)
fxk) du

O

=ub eate- u



*
y+2-1 - (x+)2

dee· a-> E
->

= Let t
IfI is positive integer,

- Teet
fyle) = (3+-1) (2)"1)"

Y N



Ex: Xi IPi ~ Bernoulli (Pi) i= 1,2, -- , W

Pi N beta (2 , B)

(Avise in a situation where measuring success

of a drug on n patients. Since each patient

different response to
the drng ,

each patient
gives
will have different probability of success).

Pi ~ Beta (C
,
B) B -I

o[PE/
MatB)

~ lasrips
16+ (1-0

0. We

=> fpi (b)=

= O

Define Y = & Xi = total no . o successes .I



i) Show ECY) = n=
27P

ElY) = E (Exi)

=[EIXi

EIxi) = E (E(xi(Pi) = E (pi) = &
+B

:. ElY) : MB
varly) = var ([xi)=,

varixil

(Note : var(x)= var (E(XilP1) + E (Var(xi(P)

= var(Pi) + E(Pi) -Pi)

&




