


Let xc
,
X2,.

-

, Xn
be a random sample from

# 10) .

i . e. X, ..., Xn ind flo

Notation : x
,

..., xn :
random variables

-

M,
..., Un : realizations of the

wir . s. Ya, ...,
In resp.

Exi Let * 1, ..., Xo be a random sample from

-

Bernoulli (p)
Tid Bernoulli (p)
N

Then X1
, ...,

Xi
different

di
, ..., dis E 1 ,

8
,

1
,
11 ,

8 , 0
,

1
,

0
,

0

- I realizationis
de....,Ris E 191 ,

8
,

0
,

0
,

0
,

0, 1
,

1
,

0



General objective :

Data is observed / random sample is observed.

de, -- ,
en

We know
xc , ..., Xn

is a
random sample

from f10) with realizations el,--, on.

objective : from Mi,..,
cn , guess

(estimate) o.

In the case of X 1,
-- , X10

Did Bernoulli (P)

1 ,
1
,
0, 0, 0, 0, 0, 1 , 1, 0

Guess of P
,
denoted as Y

,

will be to
11

Ea :
this is the realization of

1D

the random variable [xi↑ =I
->

1O



Thus different functions of random sample may

be of importance in estimating the parameters

of functions of parameters.

let TIX , --- xn) be
a
function of random

sample. It is called as statistic and the

distribution of TIX1, --
,
Xn) is called as

sampling distribution of T. .

Consider the case 8 X, ..., xn
a random

sample from N(M ,
2). Here we assume

that M is unknown
and o is known.

From the random sample ,
X1, --- ,X ,

we want

to estimate the mean M.



clearly ,
TIX1

,
---

,
Xn)=xi-I will help

Note that El) = N

var(x) = E2

In fact, we have proved - ~
N (M ,8

In this case ,
the statistic T(xc,

--
,
xn) =
* is

used toestimate M and hence called as an

estimator of M .
The realization of the the

estimator is called as an estimate is a real

value in this case.



Exi Let - 2 . 9
,
3 . 1

,
1 . 7

,
- 2 . 2

,
0 .9,

-0 . 08
,

0 . 7

be a
random sample from N(N , 1) .

Find

the estimatef M ??

Fit
+ - -+ Y : estimator

=9
+ 3 . 1 + 1 .7-2.

2
+ 0 .9-0 . 08 + 0.

↑ estimate of M from the date.



·vi-ul ~ N/0 ,1)

~ o/fr

...
standardization .

M
2= NN10,1

pdf of T
Given & C0 , 17

,
we can

find point =212 EIR

S.Z . ↓MiniP(/21 > Zc12) = d the H2

O y -I
->

P(I21 <Ec) = 1- C
&

·-ZCz 12

Plzzlz1[[Zc12) = 1-&



Now consider the case when

xc --.
,
Xe is a random sample from

(Both M and or are unknown) .

N(N , 02) .

We want to estimate of

Estimator & M =X = Exi
is

I

Estimator of2= S = i[xi-x)
?

Result: Let M1. -
Un be any real nos . given and

=i and st(i-i)
Prove : mir & (i-a)2 = (i-is

at IR its



Pf : Luli-a)? = [ (Hi- =s + it-a)
2

TI1

= Hi-i + 2(5-a)(i-is
& [C-a) 2

TIs

=> Mi-a)?Mirt) (i
as

#



Result:s2 and * are independent.

stIxi-x
· n [(x .

- *)2i-5)]
&

L
= i , [)?Ki-1) +

[xi-FT) :
T

I 2

Thus s? is function of X2-Y, ...,
xn-X.

We want to show that x2-X, ..., xn- *

are independent of
F.



The joint pdf of X1.--
, xn

is

I Why
assume

x -- ,Xr
jid- (21,... , n) = No 10 , ISFinse e

[i
↓

Consider the transformation :

Y=
X
,
42 = x2-X, ..., Yn = xn -

*

It.... In
N

· ...
= detrt 1-t

... -IThen Our

↑

-

det i
·

iI·n on ... D
I I 1

↑

· Et ....
It

= In
--

*=41
,

x 2 : Yet4, -- > Xn = Yet

=>n

= Y = X1 = NY1-X2 .--Xn =x1 = Y-Y2 : -Yn



· flis--,n)=Iz
= (31-32 ... -In

*

-=[Pity , (2)

&

Note that

11-32 ... -Yn)"+ (Ait] :)

= my? +[Yi +(i)
= f13... 3nl =[(i) eEr3i] xFin

"

e-
[ (3 ? + (i) ]



=>
fly ,.., 3n) = F131) flD2 ,

... In

=> Yp is indep of Y2,.., Yn

=>I is independent of X2-X, --., Xn-
*

=> I is independent of s?

-

Result : EJSP) =
o

It: EC. (i-7(2) = E) .x? -n="

= EIX?) -
WEIx"

= n (82+ M3) -
n (M2+ =2

E)Ki-Fl") = (+ ) 02



EIS) : EC, /xi-X11 = i, EC . Ii-*

· it , (n-1)
22

unbiased

Fisher ↑ estimator T
-2

↳,(A) : Bind estimatur of o?



1) XW gamma18 ,
x

fx(a)= ad 2

- R
M > o

O . W.

~ O

2) Recall X W N10 , 1) ,
Y =
x then Yogamma(t ,=)

fyly) = t -31 y >O

- . 2.

= O

3) Recall
if Xiwgamma (di ,X

for i112-, n are indep

Y =[xi Ngamma) "Si , x.



Let X
,

X2
,. - . Xn be a random sample from N10 ,1)

Y = x+x +..-- ~ gamma (E ,E

11

I density witha

degrees & freedom.

i
..e. In is obtained by adding squares o

ind U (0 , 13 r. V.C- y En

Efyl):r get . Y>

O - W.

= O



MGF of Y ↓

My (H=,etTuk + < 2

Here

Result: Ls2Xn- Xis -.., Xn
NidNIM,84

roofs

[Ni-M)
? -Ni-x+-M)

=[Ii-x) + n(X-M



Dividing by of an both sides.

N

[M)- [()
+ (M)

i=
==

XIN ~ N10,1)

= YEM- , * ER)' En
Because X1,..,

XndN/M ,0

Further, -M ~ N /0, 13-

/ In

=(MRE,



Let U..M I

v=- Liste
N=lu2mE,

Note that s2 & Y are indep .
-> V & W are indep.

U = VFW

=> Mr (t) = Mvtw (t) = Mr(# MwLt)

*Fafniz = Mult let' =Mult,att



=> Vr gamma (2 , E)

=> vw
End

= Es? Yut *

density ofEn- If v went,
I ther

↑ PYNTE = V=n,E
= 1-↓

↑

1.&

= · P)Ynr, 2 [hs?*nt,E-Xu+, E1
,1-E = 1-

for some CE10,1); choose percent points xn+,



Now consider the case XxX2 , ...,n is a random

sample from N/M ,02) and both M & o are

unknown. We want to estimate N from the

random sample.

We can use the estimator
X=xi to

estimate M.

- N N (M ,
22)

However, note I

X-M ~
N10 , 1)

Fr

However here o is unknown.

* : can
be measured/calculated

from the sample.

*S of : known #M
There could have estimated pe

from
&/In



However, since o2 is also unknown ,
let us use

unbiased estimator of O?

Consider the following random variable

=
Q : What is the distribution of this r. w?

- - Ente.
Note IM UN10 , 1), and

on

the numerate and the denominator on

independent.



Therefore , given that UNN10 , 1) , I w Xpp

and U & V are independent , we want to

random

compute the distribution of the

&
Here T is called as

-variable T=
variable with P diegrees o

Student's t
random

with pdf
Freedom & TN tp

filt)-o TT ,
-Octa

(symmetric density).
-



Let UN NCO , 1)& p
and U,V are

T
independent. Then the joint density of UEV

is given by :

u2/2 E--"

fu
,
r (U ,v) = Tex, e -()

-acuc8 ,
occa

the transformation ,

Consider
W = V

+= 3

There v= W,
U= +

E : 1. 0; : F,zT



dat J : det F ,
] : (*)

O

: ft
,
w(t ,w) = fur (t , w) ()

I

= e
Fw/p
(f) ~

%-1/ )
(2)

"2

N

fi (t) = ( fi,w(t,
w) du

D

-

Ew/p 0/2-1-WhduJ 2

- it' TT) Se



P/z+Ye ->J

T & &wfilt):OO)T HOW~

"L
=()l
->↑ - Oct Ca·

Elip) = 0
,

if P> 1, var (To) = f if(
>

ip has moments upto order P-1 :



spot of the

A
- ↓I
~

-the
,dy O

End
,2/2

M Ntr-

= P(oth,= [tht
,42) : 1



Consider the random sample
0. 3
,
-1 . 8
, 1 . 9
,
-0 .3, 0 . 01 ,

0. 1 from N/M ,
52)

Test the hypothesis Ho : M=

Hi : MF /

at o . 1 level of significance.

Under Ho (If Ho were true

Hele M = 6

↳ ~ tht
X

,
S; to be computed

Ind &
pdf 8 tn-1 from the dak.

·Is
G

-the
,6/ -u-1

,9/2



Ho : 02 I & = 0. 1

Hi : 02

(nAn
(n-1152 ~Ent ,

then

IfHo is feee ; Fail to

Yur
, Halz
SCMS = Tr,42 = reject- It o

1 . 145 11 . 0T
Ja

if miss" [Yn,62 ,

Yn+,12)
& I

fail to
7 . 032

=> reject Ho



Testing of hypothesis
Let X1, .... Xn be a random sample from

or(N ,
F2)

H o

casesis pe
unknown ,

o known
#o is
is accepted rejected

Type IHo : M = No

I
Ho is true x &

Hi : MF No It, is true
& *

Type II

Test statistic
p (Ho rejected) Hi treel=

2= = level of significance

P(Ho is failed) It is true) : ↑

Under Ho
, (i-e . if to were true to reject

1- B =
Power of the

2:M ~ N10 , 1) test



At the level osignificance &

pdf of N10 , 1)

Ts212

3% Ifi
2/2

-

- EHz
O Zulz

-EalzM Zale : fail to reject Ho

HosIf caccept

-IMK Zalz : reject Ho

Evaluation
of the test *=Mo from the given data .

-Statistic ZE ·Fu



ii) Testing variance.

x, .... Xn random sample from N/M , 84

Ho : 52 To
?

H,: 02F O. M 2

& (xi-*)
Test statistic :is where sti is

UnderHo Live . if Ho were thu

13pot
& In-

its In- In
If is (Ynt ,12,n+,412)-: fail to reject He

ele Reject Mo



iii) Testing of mean when the variance is unknown.

X1, x 2, --

, Xn is a random sample from N(M ,
W2).

Ho : M = Mo 1 O2 : unknown)

Hi : MF Mo

Test statistic : -Me
1-G

pdf of tn-1

I
under Ho:Mo n tn-1 D&At the level of significance & 6/2

I Ce
if -No E(-tn-,de

,

th-
,62) E #->
-

e/fr
- tin-

,4
· fail to reject Ho n-1

,6/2

ebe el (-tut ,bla,
thusble)"A rejectKo.



Definition & The F-distribution with P,
, 82 degrees &

~

Freedom is the distribution of the random

variable

= W where U. Ep,
and Uz w YP2

and V
,
& Uz are independent.

We denote Y ~ FP
, P2

How to compute pat of Y ?

y=p and W = U2 (*)

Write the joint density of Up ,
U2
. Using the

transformationI

write down the joint density of Y, W .
Find the marginal

density8 Y.



Let X1 ... ,X, be a random sample from NIM1
,
02

obtained independently from a random sample
->

Y
,
Y2
,.., The from N (M2 , T2) .

si

=Xi and ==
n/

~

[ (vi- )
2

s = 1 [Ki-F)2 and S= i i=
n ,

~1 i

Note : (S . Enit
andNatS nn

independent.
and these rivs.

are -

=(S/1)]/M/-1]=~Frit ,Nat



I
Fu,-1,Nc+ IOR ~Fri ,Nat
If

212it
*

O

Frit
,12t,1-G

En
,
-1

, 12+, /2

= P (F11 ,
127,1-9/[loFurt,12t ,92) = 1-

=> P (Fr . -1
,Par,1-2/2= =Fin

,
not ,die S =

-

=>p/ - S . Fritnat
,

India) :
d

~Frin
,Nat ,de

↓
L ~
~




